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I. Personnel 

The t e c h n i c a l  personnel c u r r e n t l y  being p a r t i a l l y  supported by 

t h e  r e sea rch  g r a n t  are as follows: 

1, W i l l i a m  G. Vogt, P r i n c i p a l  I n v e s t i g a t o r  - 1 / 2  t i m e  

2. Charles G. Krueger, S c i e n t i f i c  I n v e s t i g a t o r  - 1/4 t i m e  

3. Gabe R, Buis, Graduate Student - F u l l  t i m e  

11. Research Accomplished 

A. Bibl iographical  Survey. 

A r e p o r t  [l] by Buis and Vogt, "The S t a b i l i t y  Theory of So lu t ions  

t o  p a r t i a l  D i f f e r e n t i a l  Equations: A B ib l iog raph ica l  Survey" has been 

completed and cop ie s  have been forwarded t o  NASA Headquarters. The 

main conclusion which can be drawn from t h e  survey [l] is t h a t  t h e  

s t a b i l i t y  theory of p a r t i a l  d i f f e r e n t i a l  equat ions is, a t  b e s t ,  j u s t  

g e t t i n g  s t a r t e d .  

r i go rous  and t h e r e  is  l i t t l e  o r  no j u s t i f i c a t i o n  f o r  many of t h e  r e s u l t s  

claimed. 

The con t r ibu t ions  i n  t h i s  area are no t  mathematically 

B,  T rans l a t ions  

Two t r a n s l a t i o n s  [2,3] of s i g n i f i c a n c e  t o  t h i s  r e sea rch  were 

completed by Buis as p a r t  of h i s  Ph.D. r e sea rch  and forwarded t o  NASA 

Headquarters as r e p o r t s ,  

C. 

Buis and Vogt have completed a r e p o r t  [4]  on some s t a b i l i t y  

Some S t a b i l i t y  Problems i n  Hydrodynamics /' 

problems i n  hydrodynamics which has been forwarded t o  NASA Headquarters. 

The r e p o r t  concerns t h e  phys ica l  systems which can be represented by: 



where x ( t ,E )  

are l i n e a r  o r  nonl inear  d i f f e r e n t i a l  ope ra to r s  spec i f i ed  on a bounded 

connected open subse t  hz of an m-dimensional Euclidean space,  Emo The 

parameters of k can be space and t i m e  dependent. 

spec i fy  s o l u t i o n s  t o  (1) a set of a d d i t i o n a l  c o n s t r a i n t s  o r  boundary 

condi t ions  must be given by 

i s  an n-vector func t ion  and . -  L is  a mat r ix  whose elements 

I n  order  t o  uniquely 

where E i s  a mat r ix  whose elements are spec i f i ed  d i f f e r e n t i a l  opera tors  

and an  i s  t h e  boundary of hz, = + an. 
Any s o l u t i o n  of (1) and (2) w i l l  depend on s o m e - i n i t i a l  func t ion  

u (x) belonging t o  the  n-dimensional space of func t ions  0, which i n  -0- 

genera l  w i l l  be a normed l i n e a r  space. 

and i n i t i a l  condi t ion  %(E) B 0 w i l l  be'  ind ica ted  as 

We w i l l  be i n t e r e s t e d  i n  t h e  s t a b i l i t y  p rope r t i e s  o f t h e  equi l ibr ium 

A s o l u t i o n  s t a r t i n g  a t  t i m e  to 

k ( t , ~ c ;  u+(xJ , t o ) .  

a & ( t&) 
= 0 f o r  a l l  t 2 to, - - a t  s o l u t i o n s ,  t h e  s o l u t i o n s  such t h a t  

i . e ,  u ( t , z ;  u ( z ) , t o )  - kq@) f o r  a l l  t 1: to. 
-q 

The s t a b i l i t y  of u (x) is defined i n  terms of the norm, I 1 0  I I , -w 
of t h e  normed l i n e a r  space Oby: 

Def in i t i on .  The equi l ibr ium so lu t ion ,  u (x), of (1) and (2) i s  s a i d  

t o  b e  s t a b l e  i n  t h e  sense of Lyapunov i f  f o r  every real number E 

t h e r e  e x i s t s  a real number 6 > 0 such t h a t  f o r  u (x E 

impl ies  I l&(t,z; ~ ( x - ) , t 0 >  - ~ ~ ( x - 1  I I <  E I f o r  a l l  t 2 too 

-q , 

> 0 ,  

0 ,  I I - u (x).I 1.6 
- 0 J  -q 



Definition. u (x) of (1) and (2) is said to be asymptotically stable 
-eq - 

if it is stable and in addition 

as t- 

I [g(t,L; q ( ~ ) ~ t ~ )  - u Qs) [ I + 0 “eq 

The main problem becomes then: what are the conditions on for 

the equilibrium solutions of (1) and (2) to be (asymptotically) stable? 

A principal factor is the selection of the space 0, or rather, the 

selection ofthe norm which makes an abstract setd elements into a 

normed linear space. As distinct from Euclidean space, these norms 

are no longer all equivalent. 

In [ 4 ]  the emphasis is on the Hilbert spaces here the norm is 

defined by the inner produce < . , e > .  Thus 

I 121 l 2  = e;, &> for 10. 

The 1;: considered in [41 were linear and alfradjoint, <& z, E> = <z, -- L u7 

for xs XE 0 .  However rather than taking as inner product 

I vT 2 dS1 n -  
<x, E> = 

is the transpose, a more general inner poduct is introduced by where 

where W(x,t) is a weighting matrix with elements that can be chosen -- 
as continuous functions in both 5 and t and continuously differentiable 

fn t such that 



and 

m > B > B 

This choice of i nne r  product enables u s  t o  expand t h e d a s s  of o p e r a t o r s  

which are s e l f - a d j o i n t ,  However t h e r e  are o t h e r  p r a c t i c a l  fmplfcat ions 

o f o r  a l l  ~ E E ,  t c  [to,-). 
1 2  

too,  Among these: 

1, Rather than c a l c u l a t i n g  the  eigenvalues  of 4 i t  is  o f t e n  easier 

t o  apply i n t e g r a l  i n e q u a l i t i e s .  Ae such a considerable  improvement 

of t h e  parameter range r e s u l t s  by making k se l f - ad jo in t ,  i . a .  i n t ro -  

ducing a gene ra l  i nne r  product where p o s s i b l e  and applying t h e s e  

i n e q u a l i t i e s .  

2, As shown i n  [4] s t a b i l i t y  cond i t ions  can b e  obtained f o r  t h e  

equilbrium s o l u t i o n s  of equations wi th  nonl inear  k by means of 

imbedding i n  0.  By using t h e  g e n e r a l  i nne r  product an inc rease  

i n  maximally allowable pe r tu rba t ions  can i n  many cases be  achieved. 

3. 

i n  l i n e a r  d i f f e r e n t i a l  ope ra to r s  L which cannot be  made s e l f -  

a d j o i n t  t o  improve t h e  range of parameter va lues  f o r  which t h e  

equi l ibr ium s o l u t i o n  is assured t o  be  s t a b l e .  

It i s  p o s s i b l e  t o  e l imina te  t h e  h ighes t  o r d e r  odd d e r i v a t i v e  

111. Research I n  Progress  

From t h e  r e l a t i o n s  discovered i n  [4], I n a t u r a l  extension l e a d s  

t o  t h e  cons ide ra t ion  of semi groups of ope ra to r s  and t h e i r  i n f i n i t e s s i m a l  

g e n e r a t o r s  def ined i n  a B n u c h  Space o r  H i l b e r t  Space. Within t h i s  frame- 

work i t  is  p o s s i b l e  t o  develop a s t a b i l i t y  theory f o r  p a r t i a l  d i f f e r e n t i a l  

equa t ions  which c l o s e l y  p a r a l l e l s  t h a t  f o r  o rd ina ry  d i f f e r e n t i a l  equa- 

t i ons . :  A r e p o r t  is  p r e s e n t l y  being prepared on t h i s  a spec t  of t h e  theory. 



I V ,  Furture Directions For Research 

From the developments described i n  I11 above it appears possible  

to extend the theory t o  nonlinear partial d i f f erent ia l  equations 

through the consideration Of certain type8 0f.monotone operators i n  

Banach spaces, 

being investigated. 

The properties of monotone operators are presently 

~ 
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